Modified Dugdale Model by Gupta, Prem Chandra
South Dakota State University 
Open PRAIRIE: Open Public Research Access Institutional 
Repository and Information Exchange 
Electronic Theses and Dissertations 
1972 
Modified Dugdale Model 
Prem Chandra Gupta 
Follow this and additional works at: https://openprairie.sdstate.edu/etd 
Recommended Citation 
Gupta, Prem Chandra, "Modified Dugdale Model" (1972). Electronic Theses and Dissertations. 4696. 
https://openprairie.sdstate.edu/etd/4696 
This Thesis - Open Access is brought to you for free and open access by Open PRAIRIE: Open Public Research 
Access Institutional Repository and Information Exchange. It has been accepted for inclusion in Electronic Theses 
and Dissertations by an authorized administrator of Open PRAIRIE: Open Public Research Access Institutional 
Repository and Information Exchange. For more information, please contact michael.biondo@sdstate.edu. 
MODIFIED DUGDALE MODEL 
BY 
PREM CHANDRA GUPTA. 
A thesis submitted 
in partia l fu lfil lmen� of the requirement s  for the 
degree Mas t er of Science , Major in 
Mechanical Engineering ,  
South Dakota State University 
1972 
MODIFIED DUGDALE MODEL 
This the sis is approved as a credi tab le and independent 
i nve s tigat ion by a candida te for the degree , Mas te r of  Scienc e , and 
i s  acceptabl e  for mee ting the thesis requirement s  for thi s degre e. 
Acceptance of this thesis does not imply that the c onc lus ions 
reached by the candidate are nece s sarily the conc lusions of the major 
departmen t . 
Thesis Adviser 
�ead , Mechanic?'°a l Engi#ering 
Department  
Date 
Date 
ACKNOWLEDGEMENT 
The author is indeb ted to Dr . M.P .  Wnuk for his  ini tiation , 
guidance and counseling without which the pres ent work cou ld not  have 
been achieved. 
The au thor als o wishes to  thank Prof. J.F; Sandf ort for his advic e 
and encouragement  during the graduate work . 
PCG 
a 
c 
E 
I (N , m) 
J(N,m) 
K 
AK 
Kc 
L(N,m) 
m 
M 
N 
p(u) 
TI 
NOTATIONS 
half length of the extended Dugdale crack. 
normalized applied stress, f-> = lfc;-
2 Y  
a material constant. 
Young's modulus. 
strain and its yield value. 
a numerical factor depending on the type of cyclic stress. 
an integral defined by Eq.�.f.t a:nd Ec::i. 3,5 
an it1tegral defined by Eq. L\.t. o.rnd Eq. Lt.S 
stress intensity factor. 
stress intensity range. 
static fracture toughness. 
half crack length. 
characteristic structural length, !*-= Kc2 
2 'lT y2 
rate of fatigue crack propagation. 
an integral defined by Eq.5.4 and EC\.'5.5 
a parameter, m = 1 /a 
fatigue crack propagation exponent. 
number· of cycles. 
strain hardening exponent. 
pressure along the crack surface. 
normalized plastic work rate 
i 
R . 
aw 
S (x) 
t 
plastic zone size . 
nominal applied s tre s s . 
res training s tres s  acting at the end sec tion o f  the crack . 
c oordinate indicating dis tance from the crack c e nter. 
Uy {x , o) or 
Uy (x ,  l) dis placement within the crack plane . 
u 
u 
Uc 
x 
x 
y 
a dimensionles s  variable. 
normalized displaceme nt within the crack plane. 
critical dis placement. 
plas tic work los t within the end s ec tion o f  the cra ck .  
rate o f  plas tic work. 
c oordina te indicating dis tance from the crack center ,  x = X 
a 
coordina te indicating dis tance from the crack center. 
yield point. 
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C�PIBRI 
INTRODUCTION 
1 
El astic-p las tic �nd plas tic ana lyse s  of the s tres s fie lds in the 
vicinity of the crack tip are e s s entia l for the be t ter  unders tanding of 
fracture. In contras t to e las tic fracture mechanics me thods of 
ana lysis in the ine lastic range are much le s s  deve l oped. For a given 
geome try and l oading configurat ion for an e las tic s ys tem containing 
cracks , the s tres s and dis placement dis tribution and hence the 
condition for ins tability is uniquely determined . For an  ine las tic 
materia l the stre s s  dis tribution depends on the his tory of l oading . 
Thus, the resu l t s  pre sented for the ine las tic part are, in p laces , 
t entative and incomp lete . 
A precise de tennination of the inf luence of plas tic yie lding on 
the deformation and failure at  a crack tip is needed for accurate 
predictions of the behavior of cracked bodie s under s ta tic load large 
enough t o  cau s e  fracture, and s ubcritica l repetitive l oads which cause 
fatigue . The catas trophic growth of cracks in plates  under monotonical ly 
increasing load de pends on a number of factors ·. A genera l view concerning 
the behavior of  materia l a t  the l eading edge of a crack is tha t p las tic 
flow and subsequent  fracture of the material is influenced by factors 
· such as s train harde ning , s train rate , the s tate of s tres s ,  and tempera­
ture. There fore� for a prope r unders tanding of fracture mechanism it is 
e s sential to de termine appropriate ine las tic s�lutions descri bing the 
behavior of p lastic zone as a function of l oads and mechanica l prope rtie s. 
2 
The e l ast i c - p lastic problem has been consid ered by Rosenfi e ld 
e t  a l . ( 1 )  and Swed low (2). Rosenfi e l -d  has desc r ibed exper iments 
revea l i ng the shape s and extent of  the plast i c  zone i n  front o f  notches 
and cracks. Whi le these ana lyses have produced i n forma t ion to  indica te 
the ro l e  of p last i c i ty in no tched or cracked p l a t es,  they have yet 
t o  produce a cri t er i on for fract ure use ful  t o  the de signer. 
Dugda l e  mode l for sta t i c  yi elding a t  the t i p  of the c ra c k  has 
bee n  considered by Newman (3) and extended to  i nc l ude the. i n f l uence 
of  stress- st ra in c urve on the p last i c  zone si ze a nd subsequent ly on 
the fracture stre ngth of the p lat e .  A fracture toughness equ ati on 
which a c counts for non- perfect plast ici ty has be en d er i ve d  by him 
for the u ni form ly l oaded p la te .  
El ast i c-p l ast i c  crack problems i n  plane st ra i n  and p la ne stress 
have been discussed by Rice (4) through the use of d eform�ti on and 
incrementa l  pl astici ty theories . The ana lysis is  app l icable  to . sma l l  
sca l e  yie l d ing only and most of  the resu l ts are approxima t e .  
Never thel ess , his t r ea tment provid es a n  i nsight t o  t he i nelast i c  
fracture. 
In the pr esent work , Dugda l e  mode l (5) for sta t i c  y i e l di ng a t  the 
c rack t i p  has bee n  used and then modi fied to i nc l ude  the effect of 
-st rain-hardeni ng on the p last i c  zone si ze -�nd crack t i p  di sp l acement . 
An a t temp t has been made to dete rmine the plast ic e nergy d i ssipa t i on 
for the st rain hardening ma teria l .  These proper t i es of ma teri a l  are 
influenced by factors such as the state of  stress (e . g. plane stress 
3 
or plane s train) , s train ra te , and the tes t  tempe rature. In the present 
work, only the case of plane s tre s s  at room tempera ture for rate -
insensitive ma terial is cons idered. 
Many a t tempts have been made in re cent  years t o  es tab lish a 
satis fac t ory relat ionship be tween eng ineering design parameters and 
cyclic crack growth rates . Genera lly ,  these proposed relations hi ps 
indicat.e tha t  the fatigue crack growth rate is depe ndent upon the 
alternating stres s level and the current crack length . This 
consideration has led Paris (6) to develop a relative ly simp le power 
function which provides an empirical relationship between  the rate of 
fatigue crack growth and the corre sponding stress  inten s i ty factor. 
This relationship is expre s s ed as: 
dl = 
dn 
Where dl is the crack propagation rate; C is a cons tant which depends 
dn 
upon the material , the relative' mean load , and the frequency; and �K 
is the stres s intensity range. The va lue of  the exponent M. as firs t 
determined by Paris was 4; however , recent inve s tigations indicate 
that M can vary from 1 to 6 depending upon the material and s tres s 
.leve l (7). Both M and C have to be detertl1ined experimenta l ly. 
A Law of  Fatigue crack propaga t ion has a l so  been derived by Wnuk (8) . 
For small s tres s i ntens i ty range , this law is almos t identical with 
the power law for high- cycle fatigue as developed by  Paris. In the 
4 
prese n t  pa pe r, a ra ther simp le approach has been use d  to deve l op the 
fatigue  crack pr opaga t ion l aw for a sma l i stress inte nsi ty range (i . e. 
for high cyc le fa t igue ) . 
The ma in obje ctive o f  the present work was to modi fy th� Dugda l e  
mode l t o  i nclude t h e  i nf lu e nce of  stra in hardening on the p l asti c 
z one siz e and crack t i p  d i splacement. For a give n stress l eve l , both 
p last ic z one si z e  and t i p  disp lacement decrease wi th i ncre asing stra i n  
harde n{ng. For the non- hardening case , the mod i fied Dugda le mod e l  
converge s ve ry we l l  t o  the ori gina l Dugda l e  mod e l .  
2.1 Plastic Approac h  
CHAPTER I  
DUGDALE MODEL 
Plast i c i ty analysis aspects o f  cracks are mu ch less advanced 
than the e lastic study of  the subject .  However, si mp l e  aspec t s  can 
be t reated in ways which permit an understanding of the b r itt l e­
duc ti le fracture mode transition a�d provide essenti al  gui dance for 
stud ies o f  the relationshi p o f  fracture toughness and p lastic f l ow 
properties . Attempts to provide genera l charac teriz ati on fac t ors 
5 
for c rack extensi on i n  terms of theory of  p lasti c i ty ana lysis (ra ther 
than l inear a nalysis) have b een on ly part i a l ly suc cessful . 
2.2 Plasti c Zone Siz e  
I n  Grif fith's theory, the idea l ized med ia remai n l i near ly 
elastic as the c rac k extends.  There is no expec tation that they c an 
represent c rac ks in normal ly ductile materials su ch as st ruc tu ral 
metals. 
Dugdale (5) considered the case of p lane.stress app l ied t o  a 
crack in a thin met a l lic sheet . This model has a wedge-shaped p lastic 
zone ahead of the c rac k ti p as shown i n  Fig . l(a}.  The p l ast i c  z one 
may be rep laced by an i nternal-stress distributi on ac t i ng on the 
bound ary o f  the plast ic zone as shown in Fig . l (b} . The model i s  
based on the fo l l owing postulates: 
1 .  The material in  the thi n p lastic zone is u nder a uniform 
t ensil e yield stress Y. 
6 
2. The transverse dimension of the plas tic zone is s o  sma ll tha t  
the elas tic region ou tside may be regarded a s  bounded internally 
by a flat tened el l ipse o f  length 2(l+R), as in Fig. l (a). 
3 .  The length R of the plas tic zone is s uch tha t  there is no 
s tres s singularity at the ends of the flat tened el lipse. 
These postulates are cl ose to those adopted by Barenb la tt  (9) , 
who used it t o  s tudy the cohesive s trength of britt le ma terials . In  
Dugdale model the yielding is as sumed to be confined to  a narrow zone 
direc tly ahead of the crack tip. This model can be al s o  viewed as 
making the crack longer by an amount equal to the plas tic zone s ize R, 
with yield (or cohes ive) s tresses acting on the extended crack surface 
s o  as to res train the opening . Us ing such a model , Dugdale obtained 
�the following s olut ion for the plas tic zone size: 
R = -l .. (sec 'JTO- - 1) 
2y 
2.1 
I n  terms o f  normalized plas tic zone s ize R/ t and applied s tres s 
� = lfO""" , the above expres sion can be re-writ ten as: 
zy. 
R 
= 
sec f.> - 1 2.2 }. 
A plot  o f  normalized plas tic zone si�e as a funct ion o f  
normalized applied s tres s is shown in Fig. 2. It  can be  seen tha t 
for smal l s ca le yielding , the plas tic zone s ize increases slow ly with 
the applied s tres s.  Bu t at large s ca le yielding , the plas t i c  zone 
7 
size i ncreases rapidly wi th appl ied s tres s , approaching infinity at  
yie ld s tres s . As the app l ied s tres s ()" approaches the yield stres s '( 
(i . e .  a t \-> = �) ,  the who le ma teria l s tarts yielding uniformly a nd 
2 
this exp lains the sharp increa se in the s ize of the p la s tic zone 
ahead of the c rack. 
2.3 Cra ck Tip Dis p lacement 
Dugda le model ignores the sheef thicknes s ,  and therefore the 
ana lysis model plas tic zone i s  simply a line segmen t extending ahead 
of the apparent tip of the crack. Concentra t i on of a l l  the plas tic 
s trai n  i nto a l i ne resu l t s  in a representat ion which permit s  
ca lcu lat i ons of  the opening di s p lacement discon tinu i ty .  A 
mathema t ica l method devel oped by Mu skhe lishvi li was u sed by Goodier 
a nd Field (10) to  solve for the crack boundary disp lacement s  for 
Dugda le model . According to this model , the dis placement at any 
point in the crack p lane is given by 
x 
J 1-m2• -
J l-m2' + 
J l -m2x2' I+ J l-m2x2 ln 
2.3 
where m = --.!.._ 
a 
The dis p lacement at  the tip of  the ac tua l crack in 
the model i s  
U = 4fY log s ec 1Tct"' 
lT E 2Y 
2.4 
J 
8 
Introduc ing t he norma l i zed  di splacement and app l i e d  stre s s, the above 
re l a t i on c an be re wri tten as 
U = l og sec f3 
. . 
2.5 
whe re U = U Pl o t  o f  norma l iz e d  crack t i p  d i sp l a c e me nt · as a 
41. Y/ 1r E 
func t ion of a pp l ie d  st ress is shown i n  Fi g .  2. The t i p  d isp lac ement 
increase s  rap i d l y  for large s c a le yie l d ing . As the a pp l i e d  s tre s s  
approaches the yie ld s tre s s  (i . e .  a t  f-> = ]f_), the p l a s t i c  z one 2 
s prea ds t o  t he e n t i re body , the re by making i t  impos s i ble f or t he 
s tress t o  fol l ow the d i s p lacement . This explains t he infinite si ze 
of the c rack tip di s p lacement a t  the yie ld stress. 
In the cas e  o f  smal l  scale yie lding , the nonnalized p las tic zone 
siz e  and c rack t i p d i s p lac e ment c an be approximate d as - fo l l ows : 
R � 
�2 
T 2 2.6 
and 
-u� f-> 2 2.7 
2 
Both the a bove re lati ons re sulted from McLauri n's expansions o f  
Eqs, (2.2) a nd (2.5). Thus , for smal l  s ca l e  yie ld i ng, b oth 
norma l i z e d  plas tic zone si ze and norma l ized c rack t ip d i s p lac ement 
can be a pprox i mat ed by 
�2 . A p l ot of sma l l  s c a le yi e ld i ng --
2 
sol u t i ons is s hown in Fig . 2. I t  can be s e en that , a s  expecte d , al l 
t he thre e  curve s coinc i de for the s ma l l  s ca l e  yie ld ing case. 
9 
All the above analyses of Dugdale model apply only to perfectly 
plastic materials. In cracked plate te�ts on �eels, Dugdale (5) , 
Rosenfield et  al. (1), and Forman (11) have observed a zone of 
plastically deformed material consistent in shape and magnitude with 
the wedge-shaped zone assumed in the Dugdale model. On the other 
hand, Ault and Spretnak (12) with sharp notches in molybdenum, and 
Gerberich (13) with cracks in several aluminum alloys have observed 
plastic zones which differ considerably from the wedge-shaped zone. 
Analytical works of Stimpson and Eaton (14) and Swedlow (2) indicate 
plastic zones more nearly in agreement with the latter observations 
(12)  and (13). However, the simplicity of the Dugdale model allows a 
mathematical treatment of plastic yielding at the crack tip. One 
of the assumptions of the Dugdale model is .that the internai stress 
in the plastic zone is constant. In actuality, this stress 
distribution is not uniform and its shape varies with the material 
properties. 
10 
CHAPTER III 
MODIFIED DUGDALE MODEL.PLA STIC ZONE SIZE 
3.1 Ramberg Osgood Law 
Strain hardening implies that the ultimate strength of a material 
can be increased by plastic straining. Dugdale's model of plastic 
yielding discussed in the previous chapter does not produce satisfactory 
results in the case of materials which show strain hardening. In the 
present chapter, Dugdale model for static yielding at the tip of a 
crack is extended to include ,the effect of strain hardening on the 
plastic zone size. A material with strain hardening can be described 
by Ramberg-Osgood power law (see Fig. 3{a)). 
3.1 
p(u) 3.2 
1 
(u-m)N/N+l 
where t.y is the field strain Y/E, and u = X/a,N is the strain 
hardening exponent. Since R/a =�-9.)!a = 1-m, the power law can be 
.rewritten as 
p(u) 
(l-rn) 
N/N+l 1 m s. u � 1 3.2 
{u-m)N/N+l 
11 
The second of Eqs . (3.2) is appl icable for stress es in  the plas tic 
range . 
3 . 2 Fi ni teness Condi t ion . 
I n  thi s  sect i on Fini teness condi t ion is  used t o  de termine plastic 
zone size for a s trai n  hardeni ng ma te r ia l . According t o  Fi n i t eness 
conditi on , the t o ta l  stress intensi ty factor should be zero . 
K = 2 f1 /; tota l 
1 
5 
0 
p(u)du = 0 
J 1-u21 
3 . 3 
Subst i tu t i on o f  st ress d i s tribut i on p(u) into Eq. (3.3)from Eq . (3 . 2) 
give s  
1 
(sf!z)<r - Y (1-m) N/N+l s du = 0 3. 4 
m (u-m) N/N+l . J l-u2' 
1 
I f  we de note the i ntegra l s du by I(N,� then m 
{u-m) N/N+l j 1-u21 
Eq. (3. 4) can be rewri t te n  as 
f-> = (1-m) N/N+l I {N,rn) 3 . 5  
This equat ion g ives a re lat i on be tween norma l ized stres s  \=!> and the 
parame ter  m .  The integra l I(N�n) does not have a cl osed form s olut i on 
for an  arbi t rery stra in hardening exponent  N . I t ,  the re fore , prohi b i t s  
an ana ly t ica l s o lu tion of  Eq. (3.5) for a strain  hardening materia l .  
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The integra l I(N;m) has been ca lcu lated numerically (s ee  Appendix A) 
and a plot of the parame ter  m as a func tion of normalized s tre s s  � 
for different s t rain hardening expone nt N is s hown in Fig . 4. 
3.3 Plas tic Zone Size 
The ac tual p las tic zone size is re lated to m by 
R T = a - ,l t = 1 - m m 
A replot o f  norma lized plas tic zone size R/1.. as a function of 
3.6 
nonnalized s tres s f-> for different s t rain hardening exponent N is 
shown in Fig . 5. It can be s een that for s train hardening material , 
the increase in plas tic zone size is not as rapid as for perfec tly 
plas tic material (Dugda le mode l) . In other words , for the s�me s tr�s s 
f-> the plas tic zone size Rf! decreases  with increasing s train 
hardening expone nt N .  The values of· s train hardening exponent N 
were varied from 0 to 0 . 5 .  The case for the s train hardening exponent 
equal to  zero  represents perfectly plas tic materia l (Dugda le mode l). 
The curves in Fid . 5 indicate that  the amount .of s train hardening 
has a large influence on the p las tic zone size. Tab le 3.1 shows 
the percent de crease in norma lized plas tic zone size R/l at  two 
. different value s  of s tres s J?> . It is se ·e n  tha t for N=0 . 5  and 
r.> = 0 . 9,  the norma lized p la s tic zone reduces to almos t ha l f  in size, 
c ompared to perfec t ly plas tic cas e . It can als o be notic ed tha t for 
the same s train hardening exponent N, the perce nt decreas e in norma lized 
plasti c  z o ne size is more at hig her stress level {3. • 
0.6 
0.9 
Tab le 3 .1. 
Percent decrease in normal ized pl asti c zo ne siz e R/J. 
due to strain hardening . 
0 
0 
0 
0.1 
. 13.6 
15. 9 
0.2 
22.7' 
28.6 
0.3 
31.8 
38.1 
0.4 
38.6 
46.0 
13 
o.s 
45.4 
48.4 
CIL�PTER IV 
MODIFIED DUGDA�E MODEL 
TIP DISPLACEMENT AND PLASTIC WORK RATE 
4.1 
Having de scribe d  the e ffect of  s train-hardening on the plas tic 
zone s ize in the previous  chapter, i t  is now our objec tive to do the 
same for crack t ip di splacement in s train hardening material under 
plane s tre s s .  Measurement of the plas tic  displacement at the c rack 
tip i n  a stra in hardening ma teria l  i s  fundamenta l for unders tanding 
the behavior of a defec t i n  a s ol id . Theoretica l and experimenta l 
work has been done by Rosenfie ld et a l. ( 1) on s train harde ning 
14 
material s . Their experiments show that the predict i ons of the modi fied 
Dugda le mode l were reas onably accurate. Simi lar work has als o  been  
done by  Newman (3) .  In the pre sent chapter Ramberg-Os good power law 
is us ed to pred i c t  the c rack t ip disp lacement in a s tra in harde ning 
materia l . 
In the later part of this chapter an attempt i s  made io arrive 
at  the rate o f  p las t i c  work for a s train hardening ma ter ia l. Howeve r ,  
due t o  the c omp lexity of the prob lem, only the perfectly pl .a s tic case has 
been ana lyzed . 
4.2 Tip Displacement 
A Dugda le c rack contained in a large sheet under  uni form s tre s s  
app lied a t  i nfinity and perpendicu lar to the crack p lane c an  be  
des cribed by the superpos i tion o f  two s tress  s tates, as  shown in Fig . 6. 
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Superposition of two stress states produces the desired configuration 
of loading: traction free crack embedded in an infinite sheet under 
applied  stress()'- . The end sections of the crack( � � x � a) 
however, are subjected to tractions S(x) which hold the edges together. 
As the stress state I in Fig. 6 does not produce any displacement in 
the crack plane, it is sufficient to consider state II. An auxiliary 
function f (t) for the state II is first computed 
t 
f(t:) = J p(u) du 
o J t2 - u2 
where stress distribution p(u) is given by 
p(u) = { G-
� - Y(l-m)N/N+l 
(u-m) N/ N"H 
1 , 
o <...u<.m 
m(.u(.1 
The auxiliary function can then be written as 
f (t) = 
m 
J O""' du J 2 2 I 0 t -u 
t 
+ J W\ 
N/N+l [er - Y (1-rn) 
=
{ £1 = y f-> t 
f2 = y � - Y(l-m)N/N+l s 
m 
du 
1 ] 
(u-m)N/N+l 
4. 1 
·3. 2 
du m ( t (. l 
J 2 2' t -u" 
O(t(.m 
4.2 
m(t(l 
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Displacement in tenns of the auxiliary function f(t) within the plane 
of the crack is 
1 
Uy(x,o) = 4a s t f(t}. dt , for \x\ <. 1 
lTE 
x jt2-x2' 
= 4a 
'llE 
= 4a 
m 1 
S- t f1(t2_ dt + s t f2(t) J 2 l J 2' x t -x2 m t2-x 
x 
1 
y �Jm2-x2' + y s 
rn 
1 t 
dt O(X(m 
m< x ( 1 
o(x(m 
TIE y s [ �- (l-m)N/N+l s du ] · tdt (u-m}N/N+I J(t2-u2) J(t2-x2) 
x rn 
m( x ( 1 
1 t 
{1-> J l-x21 - (1-m)N/N+l 5 [J du ] tdt o�x(m (u-m)N/N+I J(.t2-u2)J(t2-xj m m 
= 4aY 
�E 1 t 
� J 1-x2 - (1-m)NfN+l r s du . J. tdt 
x m (u-m}N/
N+l J(t2-u2) J(.t2-x2) 
m(x<l 4,3 
The crack tip displacement for a strain hai;dening material can now be 
written as 
Utip = U(x=rn, ,l ) = 4 l Y 1 [ l3 n - (1-m}N/N+l 
'lt' E m 
1 t 
J cj -(-u--m-)-'t�'tti���'M'""''+ri-l- j-(._t-z-_- u...,.2 S . 
m m 
4. 4 
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t 1 
If we denote the integral J 
m 
J du ] tdt by J(N,m) 
m (u-m)N/N+l .[tt2-uZ) f(t2-mZ) 
then Eq. (4.4) can be rewritten as follows 
= 4J. ·y 
JT E 
1 [ � l 1-m2 • - ( 1-m) N /N+ 1 
m 
J(N,m)] 4.5 
The integral J(N,m) does not ·have a closed form solution for an arbitrary 
strain hardening exponent N. Therefore, it is not possible to obtain -
an analytical solution of Eq. (4 . 5) for � strain hardening material. The 
integral J(N,m} has been calculated numerically for different values 
of strain hardening exponent N (see Appendix B) . Introducing the 
normalized tip displacement U = 
Utip , Eq. (4.5) can be written 
41..YhrE 
shortly 
U = l ( f? ,fl7 - (1-m)N/N+l J(N,m)] 4.6 
m 
The parameter m is related to normalized stress (?:> by finiteness 
condition 
f-> = (1-m)N/N+l I(N,m) 3. 5 
Using Eq. (3 . 5 )  and Eq. (4.6), the normalized tip displacement is 
_plotted as a function of normalized stress f-> for different strain 
hardening exponent N, and is shown in Fig. 7. It is seen that for a 
given normalized stress f-> the tip displacement decreases with 
increasing strain hardening exponent N. The values of strain hardening 
exponent N were varied from 0 to 0 .5. The case for the strain 
hardening exponent equal to zero represents a perfectly plastic material 
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( Dugda le mode l).  Fig. 7 shows tha t the amount of strain-hardening has 
a large influence on crack tip disp iacement. With increasing amount 
of strain hardening, the increase in tip disp lacement is not as rapid 
as for perfectly plastic material (Dugdale model) . Table 4. 1  shows the 
percent decrease in nonaalized tip displacement U due to strain hardening 
at two different values of the stress P->. It is see_n that for N=0.5 
and f-> =0.9, the normalized tip displacement decreases almost by 7C1%, 
compared to perfectly plastic case. I t  is also seen that for the same 
strain hardening exponent N, the percentage decrease in normalized 
tip displacement is greater at the higher s tress level � • 
0 
0.6 0 
0.9 0 
Table 4. 1 
Percent de£rease in norma lized tip disp lacement 
U due to strain hardening . 
0.1 0.2 0. 3. 0.4 
17.9 33.3 43.6 56.4 
20.8 36.4 49.0 60.4 
4.3 Plastic Work Rate 
0.5 
64. 1 
69.8 
The plastic work rate for a material containing a crack under plane 
s t res s is de termined by considering a moving crack. If the crack 
extends slowly under c onstant s t ress O- t o  a new length l+bR , then 
the p las tic zone extends corre spond ingly , and becomes a +  6 a (see Fig . 8 (a)) . 
The displacement U(x,! ) of the free crack face , continued as the 
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elas tic-plastic interface over the plas tic extension becomes 
U(x, ! +61). Writing t)wp for the work done on the pla s tic material ,  
or - 6Wp for the work done on the e las tic region , we have , as given by 
Goodier and Fie ld (15), 
a 
bWp = 4 j S(X) 
l 
The plas tic work rate is 
1 
( a U (X, 1 ) S .l ) dX 
. <:>t 
then 
_6Wp = s S(x) o U��L dx SA C> i rn 4 .7  
where &A = 4SJ. , and S(x) is the res training s tre s s  at the end 
secti on of  the crack as shown in Fig . 6. This s tres s is given by 
S(x)= Y(l-m)N/N+l 
(x-rn)N/N+l 4.8 
of course  for a perfect ly plas tic material (N=O) we recover 
S(x) = -Y 4 . 8a 
The displacement U(x ,{) of the fre e  crack face can the n be wri tten 
from the s econd o f  the Eq. (4 . 3) , 
du 
(u-m)N/N+l Jlt2-u2) J 
4.9 
Or, for N=O 
U(x, J.) = 41 ¥. [ i; J l-x2' 
'lT E.1'1 
1 -s 
x 
t: ' 
J 
m 
du 1 at N=O J t2-u2' ' 4.9a 
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Using Eq. (4.7) , the plastic work rate for a strain hardening material 
can be expressed as follows 
6Wp = 
6A 
1 
4y2 (1- m) N/N+l s 
Jr E '"m 
m 
x m 
dx (1-m)N/N+� 
(x-m)N/N+l 
4.10 
Because of the complexity of the above equation we were unable to find 
a closed form solution to inte0rals involved. The above problem, it 
seems, cannot be solved analytically. It is possible to determine 
the plastic work rate for a particular case when strain hardening 
exponent N is zero (Dugdale model). In this case the plastic work 
rate is 
OWp 
6A 
1 
m 
d \l(x,!) 
0 .e. 
dx 
Using Leibnitz rule the plastic work rate can be written as 
1 
C>�iE- = y u ( J., � ) 
C> A  
+ y ;J 5 
m 
U{x,f ) dx 
The tip displacement U( {, 1 ) is obtained when x=m 
4.11 
2 1 
1 t uct 1) = 4l_y [ f-l J 1 -m2 - I td t r du 1t Em J-;2:-m2 Jt2-�2· m m 
1 
= !± 1 y [ f?-> J 1 -m2 - 5 cos -1 (!!!) tdt '1 Em t Jt2 -m2 m 
1 [ f?> [ 1-mZ cos - l (m) � � = 4 J. y - J l -m2 + m dt  'Jf K'W\ t 
m 
The normal ize d  s tr e s s  r-> i s  re lated to parame ter m and for perfect ly 
plas t ic case  m = cos � , s o  that the t ip d isplacement then becomes 
U ( l, J ) = - 4 J.. y l og cos f-> 4. 12 '1' E 
Now the integra l 
1 1 [ ['.> Ji-x21 1 t i U(x , 0 dx = 4 J.2 y 1 J - J :td± J du ]..li1 1J' E m2 Jt2-�2 � 1:1._u� m x "M m 
1 1 
= 412Y 1 [ j-> J1-x2 - s cos- ll�J t d t  ] dx 71' Em2 Jt2 -x2' m x 
1 1 
= 4 .t2 y s [ � J 1-x2, - cos - l (m) . J1-x� +m s 'lTEm2 m x 
J i.2 -x2' dt dx 
. t2 -m2 t 
Since m = cos f-> , the above integra l can be wri t te n  as  
1 � U(x, k) dx 
m 
= 4 ! 2y 
!f Em 
dt 
t 
dx 
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By changing the order of i ntegrat ion the integra l is  eva luated as fo l lows 
1 1 t J t2-x2' p (x , 1) dx = 412 y s d t  s dx '1T Em tjW-mZJ 
m m ·- m 
1 
= 2 { 2y s _l!_ t .!!! t sin-1{�} dt 7f Em 2 Jt2-m2' t m f t2-m2 ... 
= 2 !2Y [ f3 tan fb + 2 l og cos p.> 4. 13 
"1' E 
The par t ia l  der ivative of the above expre s sion is the n  
1 
f \J ( x , i ) dx = 4 J. Y 
j lf E 
m 
[ � tan � + 2 log cos � 4.14 
Fina l ly, the p lastic work rate for Dugdale model re s u l t s  from Eq. (4.1 1) 
�Ji£ = 4 ..l y2 [ f!>tan f-> + l og cos /-' ] 
SA JI E 
If we i n troduce the norma lized plas t ic  work rate 11 defined as  
T\ = � tan \0 + log cos \h 
4 .15 
4 .16 
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A plot of  the normalized work ra te 1T as a func tion of s tres s � 
is shown in Fig . 9 . The work rate is small for small s ca le yielding , 
but increases rapidly for large sca le yielding .  It is wor th noting here 
tha t this i s  the work rate if the crack is extending . There is no thing 
in the analysis to indicate tha t the crack mus t  extend . Toward this 
end one would need to introduce a certain criterion of  fai lure . An 
account of experiment.1.l inves t igations on the s tart ing of cracks in 
s teel is g iven by Myl onas (16) . 
It can be observed here that if the crack is extending s lowly, 
no ques tion arises of the ava i lability of energy to provide the plas t ic  
work ra te. Such an 'energy balance' is implicit in the field equations 
and boundary conditions of the elas tic zone of the model. The 
ext�nsion proces s indicated in Fig. 8(a) is a gradual change of 
boundary loading on the edge of crack plane of the upper ha l f  plane. 
During this change , the tota l work of the boundary l oadings is 
neces sarily equal to the increase in s train energy, the work and energy 
being evalua ted from the solu t ion of the elas t ic boundary value 
problem . This is equivalent to the s tatement t�at all the energy 
made availab le e lsewhere is expended in work done agains t the s tres s 
S (x) on the edge of c rack plane , i . e .  in plas tic work . None c an be 
left av.er for a s s ignment to new surface en?rgy . This is simp ly a 
property of the Dugdale mode l . If account  is to be taken of  surface 
energy , a dif ferent model is needed . 
CHAPTER V 
FATIGUE CRACK PROPAGATION 
5. 1 Phases of Fatigue Life 
Under a repeatedly applied cyclic load, fracture is produced by 
a load amplitude that is far below the load associated with fracture 
under a single monotonically increasing application. The magnitude 
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of the cyclic amplitude necessary for fracture decreases with the 
increasing number of repetitions. This phenomenon is known as "fatigue." 
It is generally accepted that in structures subjected to repeated 
external loads, microcracks may be nucleated very early in the fatigue 
life. As a result, it has been common practice to consider the 
fatigue life of a given p�rt in three phases; namely, the nucleation 
and the propagation phases of the fatigue cracks and the final failure. 
Final failure is simply the fracture of the .solid under a single 
application (i.e., last quarter-cycle) of the load. However, the 
distinction between the first two phases does not seem to be as clear. 
With due consideration to the microstructure -0f the medium, one may 
consider the crack as being a macrocrack, if it is large enough to 
permit the application of the motions of a homogeneous continuum. 
By fatigue propagation, in this chapter, we will understand the growth 
of macrocrack s  and assume that the continuum approach is applicable. 
The difficulty in treating fatigue, both experimentally and 
theoretically, lies in the highly localized nature of the phenomenon. 
While this difficulty arises in every material, the less ductile the 
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material under the g iven condi t ions , the sharper is thi s  loca lizat ion. 
Thus, s i gnificant de ta i l s of the fat igue mechanism may rema in below 
the re solu t ion of the e lectron micros cope. 
It is now we l l  known that mos t of the fatigue life of a crack is 
spent in propaga ting rather than initiat ing a crack . A law des cribing· 
the fat igue  crack propagation has been de rived by Paris (6) . A 
s imilar re la t ionship has a l so been derived by Ri ce (4) and Wnuk (8) 
and extended to include other ine las t ic mate ria ls  ( 17) . In the pre s ent 
chapter  a rather s impl e  approach has been used to derive a law of 
crack propagation . As i t  turns out this law is a lmos t ident ical wi th 
the power law for high- cyc le fatigue used by Paris . 
5 . 2 Law of Fa t igue Crack Propagation 
Fa t igue cr ack propagat ion for a crack under tensile s t re s s  may 
be viewed as a s equence  of extens ions , each �f whi ch oc curs while 
the s tre s s increase s  during the loading cycle. The area of the end 
se c tion of the Dugda le  crack enters in fati gue c rack propagation 
becaus e  the plas t i c  zone in front of the tip advances with the tip 
(s ee  Fig. lO(a)) . A point in the fixed coordinate sys tem has a 
disp lacemen t  u,� O when i t  firs t enters the zone , a dis placement U2 on 
the nex t  cyc le , and so on , until i t  reaches the tip a t  x = J. . The 
sum of the dis placement sL ui accumulated during the traver sal of the 
plas t i c  zone  by the c rack front is  thus the area of this zone divided 
by the s tep size bl . 
a 
= 
� U(X,J. ) dl( 
5 . 1  iii 
The crack does not fai l  catas trophically because when the tip 
propagates a bit it enters a zone where I: U( tip) is les s than the 
cri tical displacement  Uc. For a s table fatigue c rack ,  the s um of the 
disp lacement shou l� therefor� be always les s than the critical value 
5 . 2  
The fatigue c rack propagation can then be written as 
a 
J u(x,.e ) 
J. 
where n is the number of s tres s  cycles . A numerical fac tor '"Yl enters 
in the Eq. (5.3) depending on the type of the cyclic s tres s ( see 
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Fig . 10 (b)) . In the case ·of a "push-pull" type of cyclic_ s tres s ,  the crack 
propagates only dur ing one-quarter of a cycle (i.e . from the point 1 
to 2) . Dur ing the remaining three-quarters of the s tres s c ycle 
(i. e. from the point 2 to 5 )  there is no crack propagation. The 
fac tor "'[_ in this case is  therefore equal to 1. In the case of a 
"pull-pu ll" type of cyclic s tres s, tY{. is equal to 2, s ince the c rack 
propagat�s during one-half of the s tres s  cycle (i.e. from the point 1 
to 3). Using Eq. (4.3) , the integral involved i n  Eq. (5 . 3) can be 
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written as 
a 1 1 
� U(X,!) dX = 4 J. 2y J [ I-> J1-m21 _ (l-m) N/N+l s '1i;2 
m m 
t 
_tdt J du ] dx Jt2- x2 (u-m)N/'N+I Jt2-u2 5 .4 m 
Because  of  the complexity of the problem, we were unable to find an 
analytical s olution to  the above equation . If we denote the integral 
t 
du ] dx by L (N,m ) ,  the n the -(-u--m-)_N_/ _N ...... +r-j t2-u2 m 
Eq . (5 . 4) can be written as 
a 
r u (X, .e ) cl}( = 4 1 2y 1 1f Em2 
1 
J 13J1-rn2 dx - (1-rn) N/N+l L (N,rn) ] 
m 
5.5 
The int egral L(N�\) has been c001.puted numerically ( see  Appendix C) . 
For the cas e of a pe rfec tly plas tic material, the integral involved in 
Eq .  (5 . 3) can be obtained from Eq . (4.13) 
a 
� U (X, 1 )dX = 212Y [ j?> tan f> + 2 log cos p. ] 
.1 E 
5.6 
A plot o f  normalized rate of fa t igue crack propagation vs . applied 
s tre s s  � is shown in Fig . 11. A small difference in e xa c t  and 
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numerica l ly c a l cu la ted curves for the perfec t ly plas t i c  materia l  is  
probably due to  approximations i nvolved in  the numeri ca l  i ntegra t ion 
of L (N , m) . It is seen from Fig . 11 that . for a g iven app lied s tr.ess , 
the rate o f  fa t igue crack propagation is sma ll for h.igh s train hardening 
materia 1 .  The curves in Fig . 11  show that s train hardening s lows 
down the fa t i gue . 
For sma l l  value s of app lied s tres s ?-> , the Eq . (5 . 6) for perfec t ly 
p las tic materia l  can be wri tten as 
a 
I U (X , 1 ) d)I. = z,l,_2y [ �. p.+ (?>.1 / 3 . (I'?. ) 3 + . • . + 2 i og ( 1- 1 /2 f-> 2 + • • . ) ] 
l .,.- E 
= L� 2y [ � 2 + 113  p, 4 + . . .  _ p. 2  _ 1 14 . �
4 _ 
'lT E 
[?> 4 5 . 7 
Us ing th is va lue of the area for sma l l  s tresses, the law of  fat igue 
c rack propaga t ion can be wri t ten as 
4 
[?> 
U - \.1_ 2 where c r i t i ca l  di s placement c � 
2EY 
5 . 8 
The appl ied s tres s f-> is 
related to the s tres s i ntens i ty fac tor K( � = K In' ) , whi le the ,-
2Y J y--
yield s tres s  Y and the frac ture toughnes s Kc can be related by the 
charac teris tic s truc tura l leng th J. .k  (Kc2 = 2 1f J..��Y2 ) .  The law of 
fat i gue crack propagat ion now becomes 
?'/. 1f 2 1.. �·· 
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. . 
5 . 9 
He re we n o t i c e  tha t  the s t re s s  i ntens ity fac tor K shou ld r e a l ly b e  
r e p l a c e d  by t h e  s t re s s  intens i ty range A K  s i nce t h e  c r a ck i s  under 
cy c l i c · s t re s s . The Eq . (5 . 9 ) can , the re for e ,  be  rewri t te n  a s 
5 . 10 
pu sh- pu l l  cyc l i c  s tres s 
pu l l- pu l l  cyc l ic s tres s 
Eq .  (5 . 10)  c ons t i tu te s  a l aw o f  fa tigue  c rack propaga t i on .  I t  i s  
s imi lar t o  Pa r i s  f our th powe r law . A p l ot of ln ( 24 '1/1f2 ,e,*  il) vs . S n 
2 9  
In  ( C. K  ) i s  s hown i n  Fi g .  12 . I nteres t ing ly , the s l o pe o f  th is curve 
Kc 
is 4 ,  j us t  as i t  was found expe r imenta l ly by · Paris . 
The l aw o f  fa t igue c rack propagation deve l oped ab ove i s  a pp l i c ab l e  
for sma l l  s t re s s  int ens i ty range ( i . e .  for high cyc l e fa t i gu e ) . A t  
l ow val u e s o f  s tre s s  in tens i ty range s ,  the . ra t e  o f  c rack pr opaga t ion 
i ncreas e s  wi th � K  ra the r s l owly , probab ly as  a re s u l t  of the fac t 
that the di f fe renc e b e tween the driving e las t i c  s tra i n  e ne rgy a nd the 
res is t i ng p l a s t i c  e ne rgy remai ns sma ll . 
The pre c e d ing ana lys i s  shows that the rate of  fa t i gue crack 
propaga t i on i s  a fou r t h  powe r func t ion of  s t res s i nte ns i ty range , but  
in genera l it  i s  not s o .  For derivi ng the law of fa t igue c r a ck 
propaga t i o n ,  i t  i s  ne c e s s ary t o  e s tab l i sh th� va lue s for the var i ou s  · 
3 0  
ene rgy c omponen ts  by  ana lytica l o r  experimenta l methods and t o  
c ons ider the crack propagat i on mechanism . However , the present ana lysis 
g ives an ins i ght  into the me chanism ,  and an average va lue o f  slope = 4 
in Fig . 1 2 has been estab l ished for a variety of materia l s  (body­
centered cubic and face cen tered cubic me ta l with variou s alloy 
conten t s) ,  supporting the ear lier assumption tha t the phenomenon of 
crack propagation may take p lace on the continuum leve l . 
CHAPTER VI 
CONCLUSI0N S 
1 .  The mod i fied Dugda l e  mode l app l i e s  only to a rate - i n s e n s i t ive , 
s t ra i n  harde ning ma teri a l  under  p l ane s t re s s  condi t i on . 
2 .  At a g ive n a pp l ied s tre s s , a ma terial wi th h i ghe r s tr a i n  
harde ning h a s  a sma l le r  plas tic z one s ize . Pre s ence o f  s t ra i n  
harden ing reduc e s  the r a t e  of i nc�ea s e  in  the p la s t i c  z one s ize . 
3 1  
3 .  A t  a g ive n a pp l i e d  s t re s s , a mat e ri a l  w i t h  high e r  s train hardening 
has a s ma l l er t ip d i s p l aceme n t .  The decrease i n  t i p  d i s p laceme n t  
due t o  s tra i n  harden ing is more than tha t in  p la s t i c  z one s i z e . 
Strain  harde n i ng reduc e s  the rate o f  increa s e o f  t i p  d i s p lacement . 
4. Ra t e  o f  p l as t i c  wo rk increa s e s  s lowly with the app l i e d  s tre s s  a t  
sma l l  s c a l e  y i e ldi ng . Bu t a t  large s c a l e  yie l d ing , i t  i ncreas e s  
rapid ly a nd approache s i n fini ty when app l ied s t res s  a pproache s  the 
yi e ld s t re s s . 
5. For l ow s tre s s  i ntens i ty range , the rate o f  fat i gue - cr ack propa ga t i on 
i s  de s c r i b e d  by a s impl e  four th powe r fu nc t i on o f  the s tre s s  
inten s ity range . Thi s  resu l t  i s  based on a n  a s sumpt i on tha t  the 
c r ack propa ga t i on phe no�e non take s p lace on a macr o s c opi c (or 
c on t inuum) l eve l .  
6. Pre s e nc e  o f  s train harde ning i n  a mate ria l s l ows d own the rate o f  
fat igue crack propaga t i o n .  
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APPENDIX A 
Numerica l I ntegra tion of I (N , m) 
1 
I (N , m) = J 
m 
du 
34 
Integral I (N , m) has been compu ted numerica lly by using the subrou tine 
DQG32 on I BM 360 . The subrou tine per�orms the integra tion of  a given 
func tion by Gaussian  quadra ture formu la . 
To compute : 
b 
y = i f (x) dx 
a 
Gaussian quadrature formu la with n = 32 points are used .  
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START 
READ l 
P(I ) , I=� 
c Q(��=l, 7 I 
DO 1 
I=l , 7 
XU=l. 
XL=XNN 
DO 1 
Jal , 7  
XN=P(I ) :=J 
t XNN=Q(J ) ____ _ _  .............. ....... DQG J2 
WRITE 
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S U l:S R O U T I N :: D Q � 3 2  
· P UR P G S E 
T O  C O � ? U T E I N T E G R AL f F C T f X ) , S U M M E D  O V E R  X F R OM X L  T O  X U ) 
u s � :; E  
C A L L 0 '.;; �32  C X L , X U , F C T , Y )  
P A R A M E f E R  � C T { E Q U I R E S  AN E X T E R N A L  S T A T E M E N T 
O E S C R I P T I J N  OF P A R A � E T E R S  
X L  - O O U B l c  P R E C I S I O � L O W E K  B O U N D  O F  T HE I N T E R V A L . 
X U  - D O U B L E  P R E C I S I O N U P P E �  B O U N D  O F  T H E  I N T E R V A L . 
F C T  - T rl E  � A M E  O F  A N  E X T E R � A l  D O U B L E  P R E C I S I O N F UN C T I ON 
S U B P RJ G R A M  U S E D .  
Y - T H E R E S U L f l N G D Q U j L E  P R E C I S I O N I N T E G � A L V A L U E .  
R E M A RK S  
N ON E  
S U B R OU T I N E S  A � D F U N C T I O N S UB P � OG R A M S  R E QU I R E D  
T H E  E K T E � N A L  O O U 3 L E  P R E C I S I O N F U N C T I O N  S U 8 P R O G R A M  F C T ( X )  
� U S T  B �  f U � N I S H 2 0 B Y  T H E  U S E R .  
M E  H f OO 
E V A L U A T I O � I S  D O� E  B Y  M E A N S  OF 3 2 - P O I N T G AU S S  Q U A D R A T U R E  
F O R M U L l , WH I C H I N T E G R A f E S  P OL Y N O M I A L S  U P  T O  D E GR E E  6 3  
E X A C T L Y .  F G R  R E F E R E N C E ,  S E E  
v . I . K R i L o v ,  A P P � O X I M A T E  C A L C U L A T I O N O F  I N T E G R A L S ,  
M A C M I L L A � ,  N E �  Y O R K / L O N D O N ,  1 9 & 2 , P P . 1 0 0 - 1 1 1  A N D  3 3 7- 3 4 0 .  
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·  
S U B � UU f l N E J J � 3 2 ( X L , X U , F C T , Y )  
O O U S L =  P R E C I S I O �  X L , X U , Y , A , B , C , F C T  
4 = .  5 0 0 *  ( X U + X L ) 
3 = X U - X l 
� = . 4 9 8 6 3 1 9 3 0 � 2 4 7 4 0 7 8 0 0 * 8  
Y = . 3 5 0 9 3 0 5 0 0 4 7 3 S G 4 8 3 D - 2 * ( F C T ( A + C ) + F C T ( 4 -C J ) 
C = . 4 9 2 8 0 5 7 5 5 7 7 2 b 3 4 1 7 0 0 � B 
Y = Y + . 8 1 3 7 1 9 7 3 b 5 4 � 2 8 3 5 J - 2 * C F C T C A + : l + F C T C A - C ) ) 
: = . 4 8 2 3 8 l l 2 7 7 � 3 7 � 3 2 2 U O * u  , 
Y : Y + . 1 2 6 9 6 0 3 ? 6 5 4 0 3 1 0 3 0 0 - l * ( F C T ( A + C l + F C T l A -C ) )  
C = . 4 b 1 4 5 3 0 3 7 � b ti d � 9 8 4 0 0 * �  
Y = Y + . 1 7 1 3 b 9 3 l 4 5 6 5 1 0 7 1 7 D - l * ( F C T C A + C l + F C T l A- C ) ) 
C = . 4 4 8 1 6 0 5 7 7 3 8 3 0 2 6 0 6 DO * � 
Y = Y � . 2 1 4 l 7 9 ; J O l l l l 3 3 � J 0 - l * C F C f ( A + C ) + F C T ( A - C ) )  
:: = • 4 2 4 6 b 3 fl (; 6 �,  6 & 2 (: 4 9 9 D 0 * a 
Y = Y + . 2 5 � 9 7 0 2 j 6 3 1 l 8 8 0 ci 8 D - l * ( F C T < A + C ) +F C T C A- C > > 
C = . 3 9 7 2 4 1 B 9 7 J e 3 9 / l 2 0 0 0 * � -
Y = Y + . 2 9 3 4 2 0 � S 7 3 9 2 6 7 7 7 4 0 - l * ( F C T ( A + C ) + f C T I A - C ) )  
C = . 3 � 6 0 9 l 0 5 9 j 7 0 l 4 4 8 4 D O * B  
Y = Y + . j 2 � l l l l l 3 � ti l 8 0 4 2 3 0- l * ( F C T ( A + C ) + F C T ( A- C ) ) 
C = . 3 3 1 5 2 2 1 3 3 4 6 � l u 7 6 0 0 0 * B 
Y = Y � . 3 6 1 7 2 b 9 7 0 5 4 4 2 4 2 5 3 D - l * ( f C T ( A + C ) + F C T I A - C ) )  
C = . 2 9 3 e 5 7 U 7 & S 2 0 3 t l l h D O * B  
Y = Y + . 3 9 0 9 6 � 4 7 8 9 3 5 3 5 1 � 3 0- l * < F C T ( A + C ) + F CT ( A- C ) )  
C = . 2 � 3 4 4 9 9 5 4 4 6 6 1 1 4 7 0 0 0 * 8 
Y = Y + . 4 1 6 5 � 9 6 2 l l 3 4 7 3 3 7 8 J - l * C F C T ( A + C ) + f C T C A - C > >  
C = . 2 l G 6 7 5 6 3 8 J 6 5 3 l 7 6 7 D O * B  
Y = Y + . 4 3 8 2 6 0 4 � 5 0 2 2 0 1 9 0 6 0- l * C F C T ( A + C ) + F C T ( A - C ) ) 
C = . 1 6 � 9 3 4 3 0 l l 4 1 U 6 3 8 2 U 0 � 8 
Y= Y + . 4 5 5 8 b 9 3 9 3 4 7 U 8 l 9 4 2 D - l * C F C T l A + C ) + F C T ( A - C J )  
C = . l l 9 6 4 3 6 8 1 1 2 6 U 6 8 5 4 D O * B  
Y = Y + . 4 6 9 2 2 1 9 � 5 4 0 4 0 2 2 8 3 0 - l * ( F C T ( A + C l +F C T C A - C ) ) 
C = . 7 2 2 3 5 9 8 0 7 � 1 3 9 d 2 5 0 - 1 * 8  
Y = Y + . 4 7 B l 9 3 o J 0 3 9 6 3 7 4 3 0 D - l * C F C T ( A + C ) + F C T ( A - C ) )  
C = . 2 4 1 5 3 b 3 � 8 4 3 8 6 9 l 5 8 D - l * B  
V = B * ( Y + . 4 8 2 7 J J 4 4 2 5 7 3 6 3 9 0 0D- l * ( F C T ( A +C ) + F C T ( A -C ) ) )  
R E T U R N  
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J (N , m) 
APPENDIX B 
Numerica l I n tegrat ion of J(N , m) 
1 t 
m m 
du 
By changi ng the order  of integra t ion ( s ee Fig .  8 (b ) ) , the i nt egra l 
J (N , m) can be  wr i t te n  as 
1 1 
J (N, m) = J  [ 1 td t du l(t 2- u2 ) ( t 2 -m2 ) (u-rn)N/N+l m u 
1 1 
= S  [ I n  ( Jt2 -m2 + . J t2 -u2 du (u -m) N/N+l 
m u 
1 Ji-m2 f t -u2 = J  + I n [ Q.-rn21 du (u -m) N/N+l m 
I ntegra l  J (N , m) has been computed numerica l ly on IBM 3 60 . The 
subrou tine and the f low diagram are same as for i ntegra l I (N , m) i n  
Appendix A .  
APPENDIX C 
Numerica l  I ntegrat ion of L (N , m) 
1 1 t 
. L (N ,m )  = J [ J tdt J du dx Jt2 -x2 (u-m) N/N+l Jt2 -u2 
m x m 
By chang i ng the order of i ntegrati on and integra ting w . r . t . t , the 
integra l L (N , m) bec omes ( see  Appendix -B) 
L (N , m) 
1 1 
m x 
� + fi:;2 
In ( fu2 -x2 ) 
(u-m) N/N+l 
du ] dx 
By changing the o rder of i ntegrat ion again ,  we can wri t e  
1 1 
L (N , rn) = ) [ � 
m m 
1 
Here i ntegra l  r 
rn 
1 
In [ � + .{1-.-;;2 ] dx ] 
ru2 -x2 
= J [ In ( J1-x2 1 + Jl--;;z' ) - 1 / 2 
m 
du 
(u-rn) N/ N+ 1 
dx 
[ x \n ( � + Ji-u2 ) - Jz -x2 + Ji-u2 I n  2 . ( Jz -xZ + h-x2 ) 
+ .{2-uZ \ n 2 (_ J 2 - U 2 . [2 - X 2 I + 1 - J"l-:2' · J 1 -X 2 ) 
J1 -x2 + J 1-u2 
= J2 - u2 • I n  [ ( .I/  + l) ( �  + � )  
� 
2 
I n  (u+x) 
(u -x) 
J1 - u2 ( J z - u2 f2 -m2 + 1 - J l - u2 {1-;1' ) 
+ m I n  ( Ju2 -m2 1 ) - [1-u2 . I n  ( Jz -m2 + /1 -m2 ) 
J1 -m2 • + '1- u2 
+ h-m2
1 
m 
= 0 (u, m) 
The i ntegra l  L (N , m) can , there fore , be wri tten as 
1 
L (N, m) = s -�� du (u -m) N  N+l 
m 
Integra l  L (N , m) has been compu ted numerica l ly on IBM 3 6 0 . The subrou t i ne 
and the f l ow d iagram are same as for integra l I (N , m) i n  Appe ndix A .  
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Fig. l Dugdale model for plastic yielding at the t i p  o f  a crack .  
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Fig . 8 (a) Extending crack tip dis placement . 
t 
I 
��___;.'��--��------·�---
')"(\ Ll 
li�ig . 8(b ) Area of integration fo-:- integral J (F , m ) • 
n 
t .o r 
I 
i 
i .s r 
1 
I .E, r 
• J., 
.2.  
0 '--=======--'--- ---..l.- -�·- · -----·--l---·-·----·-�---'' -
0 . 2  .'-1 . 6  .8 
I 
l 
--1------· \ .Q f-> 
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